Introduction {#Sec1}
============

Probabilistic graphical models \[[@CR17]\] and in particular Bayesian networks have been very successful for representing and reasoning in problems with several uncertain variables. The development of procedures to learn a Bayesian network from a dataset of observations \[[@CR16]\] is one the most important reasons of this success. Usually, learning is carried out by selecting a score measuring the adequacy of a model given the data and optimizing it in the space of models. However, in most of the situations the selection of a single Bayesian network is not justified as there are many models that explain the data with a similar degree, being the selection of an optimal network a somewhat arbitrary choice \[[@CR7]\]. For this reason, recently, there has been some effort in computing a set of possible models instead of selecting a single one \[[@CR12]\]. The idea is to compute all the models with a score within a given factor of the optimal one. In this paper we will follow this line, but interpreting the result as a generalized credal network: a set of Bayesian networks which do not necessarily share the same graph \[[@CR13]\]. The term credal network was introduced \[[@CR6]\] for a set of Bayesian networks over a single graph (there is imprecision only in the parameters). The overall procedure is based on the general framework introduced in \[[@CR15]\], where it is proposed a justification based on sets of desirable gambles \[[@CR5], [@CR18], [@CR22]\] for the selection of a set of models instead of a single one, following the lines of Gärdenfors and Shalin \[[@CR8]\] and $\documentclass[12pt]{minimal}
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The basic criterion used for learning is the so called BDEu score \[[@CR9]\]. This score needs a parameter, the equivalent sample size (ESS), which is usually arbitrarily selected in practice with a value between 1 and 10. However, there are results showing that the final network can have a dependence on the ESS, producing more dense networks when it is higher \[[@CR4], [@CR14], [@CR21]\]. For this reason, our approach will also consider the possibility of imprecision due to an undetermined ESS.

The paper is organized as follows. Section [2](#Sec2){ref-type="sec"} provides the basic theoretical framework for our problem. Section [3](#Sec3){ref-type="sec"} describes the algorithms used in the computation. Section [4](#Sec4){ref-type="sec"} is devoted to the experiments. Finally, the conclusions and future work are in Sect. [5](#Sec9){ref-type="sec"}.

Learning Imprecise Models {#Sec2}
=========================
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We will consider that we have a set of full observations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{D}$$\end{document}$ for all the variables in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {X}$$\end{document}$. Given a graph *G*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_{ijk}$$\end{document}$ will denote the number of observations in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{D}$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_i=x_k$$\end{document}$ and its parents $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Pa_i$$\end{document}$ take the *jth* configuration, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_{ij} = \sum _{k=1}^{K_i} n_{ijk}$$\end{document}$, whereas *n* will be the total sample size. In the framework for learning proposed in \[[@CR15]\], it is assumed that we have the following elements:A set of parameters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varTheta $$\end{document}$ that corresponds to the space of possible decisions. In our case, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varTheta $$\end{document}$ is the set of pairs (*G*, *s*), where *G* is a direct acyclic graph, and *s* is a possible ESS belonging to a finite set of values, *S*. For example, in our experiments we have considered $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S=\{ 0.1,0.5,1.0,2.0,4.0,6.0,8.0,10.0\}$$\end{document}$. We assume a finite set instead of a continuous interval for computational reasons.A set of parameters *B*, and a conditional probability distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P(\beta |\theta )$$\end{document}$ specifying the probability on *B* for each value of the parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta \in \varTheta $$\end{document}$. In our case the set *B* is the list of conditional probability distributions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P(X_i|Pa_i)$$\end{document}$, where the probability values of the conditional distribution of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_i$$\end{document}$ given the *jth* configuration of the parents are denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _{ij} = (\beta _{ij1},\ldots , \beta _{ijK_i})$$\end{document}$ (i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _{ijk} = P(X_i=x_k|Pa_i = pa_i^j)$$\end{document}$). It is assumed that each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _{ij}$$\end{document}$ follows an independent Dirichlet distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(s/(R_iK_i),\ldots , s/(R_iK_i))$$\end{document}$. The set of all parameters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _{ij}$$\end{document}$ will be denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$.A conditional distribution for an observation of the variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X_1,\ldots ,X_m)$$\end{document}$ given a pair $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\theta ,\beta )\in \varTheta \times B$$\end{document}$ (in our case, given *G*, *s* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$). The probability of observing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_1=x_{k_1}, \ldots ,X_m = x_{k_m}$$\end{document}$ is the product $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\prod _{i=1}^m \beta _{ijk_i} = \prod _{i=1}^M P(x_{k_i}|pa_i^j)$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$pa_i^j$$\end{document}$ is the configuration of the parents compatible with the observation, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_i$$\end{document}$ represents the subscript of the observed value for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_i=x_{k_i}$$\end{document}$.
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Algorithms {#Sec3}
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The number of graphs compatible with an order computed by this algorithm can be very large. The size of *L* is initially equal to 1, and for each variable $\documentclass[12pt]{minimal}
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Above this, we have implemented some basic methods for computing the entropy of the probability distribution associated with a Bayesian network $\documentclass[12pt]{minimal}
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Finally, the values of entropy and Kullback-Leibler divergence are computed as follows:$$\documentclass[12pt]{minimal}
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Experiments {#Sec4}
===========

To test the methods proposed in this paper we have carried out a series of experiments with 3 small networks obtained from the Bayesian networks repository in bnlearn web page \[[@CR19]\]. The networks are: Cancer (5 nodes, 10 parameters), Earthquake (5 nodes, 10 parameters), and Survey (6 nodes, 21 parameters). The main reason for not using larger networks was the complexity associated to compute the Kullback-Leibler divergence for all the pairs of possible models. This is a really challenging problem, as if the number of networks is *T*, then $\documentclass[12pt]{minimal}
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                \begin{document}$$T(T-1)$$\end{document}$ divergences must be computed, and each one of them, involves a significant number of propagation algorithms computing joint probability distributions. So, at this stage the use of large networks is not feasible to select the network with minimum maximum KL divergence to the rest of possible networks.

Experiment 1 {#Sec5}
------------

In this case, we have considered a set of possible values for ESS, $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha = e^{-0.6}$$\end{document}$.The maximum entropy network (MEntropy), the minimum of maximum Kullback-Leibler divergence (MinMaxKL), and the maximum score network for all the sample sizes (Bayesian) are computed. For all of them the Kullback-Leibler divergence with the original one are also computed, as well as the maximum (MaxKL) and minimum divergence (MinKL) of all the possible models with the original one.

The means of the divergences of the estimated models can be seen in Table [1](#Tab1){ref-type="table"}. We can observe as the usual method for learning Bayesian networks (considering the graph with highest score) gives rise to a network with a divergence between the maximum and minimum of the divergences of all the possible networks, and that the average is higher than the middle of the interval determined by the averages of the minimum and the maximum. This supports the idea that the Bayesian procedure somewhat makes an arbitrary selection among a set of networks that are all plausible given the data. This idea is also supported by Fig. [1](#Fig1){ref-type="fig"} in which the density of the Bayesian, MinKL, and MaxKL divergences are depicted for each one of the networks[2](#Fn2){ref-type="fn"}. On it we can see the similarities between the densities of these three values: of course the MinKL density is a bit biased to the left and MaxKL density to the right, being the Bayesian density in the middle, but with very small differences. This again supports the idea that all the computed models should be considered as result of the learning process.Table 1.Means of divergences of estimated models and the original oneNetworkBayesianMinKLMaxKLMEntroKLMinMaxKLCancer0.0130260.0112250.0141260.0127120.012270Earthquake0.0172030.0131320.0197690.0167840.016072Survey0.0314590.0284980.0338990.0312570.030932

Fig. 1.Density for the Bayesian, minimum, and maximum Kullback-Leibler divergences.

When selecting a single model, we also show that our alternative methods based on considering a family of possible models and then selecting the one with maximum entropy or minimum of maximum of Kullback-Leibler divergence produce networks with a lower divergence on average to the original one than the usual Bayesian procedure. We have carried out a Friedman non-parametric test and in the three networks the differences are significant (p-values: 0.000006, 0.0159, 0.0023, for Cancer, Earthquake, and Survey networks, respectively). In a posthoc Friedman-Nemenyi test, the differences between MinMaxKL and Bayesian are significant in Cancer and Survey networks (p-values: 0.027, 0.017) but not in Cancer (p-value: 0.1187). The differences of MaxEntropy and the Bayesian procedure are not significant.

Experiment 2 {#Sec6}
------------

In this case, we have a similar setting than in Experiment 1, but what we have measured is the number of networks that are obtained by our procedure (number of elements in $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$, and sample size, but that the right queue of the densities is somewhat large, existing cases in which the number of possible networks is 20 or more. With respect to the number of networks by value of ESS *s*, the most important fact is that the distribution of networks by ESS is highly dependent of the network, being the networks for Survey obtained with much higher values of *s* than in the case of Cancer or Earthquake. This result puts in doubt the usual practice of selecting a value of *s* when learning a Bayesian network without thinking that this does not have an effect in the final result.Fig. 2.Densities of the number of networks (left) and average number of networks by ESS (right).

Experiment 3 {#Sec7}
------------

In this case, we compare the results of selecting a unique network by fixing a value of *s* (the optimal one for this value) with the result of selecting the parameter *s* and the network *G* optimizing the score. We again repeat a similar experiment to the other two cases, but we compute the networks: the Bayesian network, given by the pair (*G*, *s*) with highest score (the Bayesian approach in Experiment 1), and the best graph for each one of the values $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\in S$$\end{document}$. For each one of the networks we compute the Kullback-Leibler divergence with the original one. The results of the averages of these divergences are depicted in Fig. [3](#Fig3){ref-type="fig"} for each one of the networks. The dashed line represents the average of the divergence pair (*G*, *s*) with best score. On it, we can see that selecting the pair with best score is a good idea in Cancer network, as it produces an average divergence approximately equal to the best selection of value of *s*, but that is not the case of Earthquake and Survey networks, as there are many selections of *s* producing networks with lowest divergences than the divergence of the pair with best score. For this reason, is not always a good idea to select the equivalent sample size by using an empirical likelihood approach (the sample size giving rise to greatest likelihood). Other observation is that the shape of the densities of the divergences is quite different by network. For example, in Survey the lowest divergences are obtained with the highest values of *s*, while in Cancer a minimum is obtained for a low sample size of 2.Fig. 3.Kulback Leibler of the best network and the best network by ESS *s*.

Experiment 4 {#Sec8}
------------

In this case we have tested the evolution of the number of possible networks (elements in $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\mathcal{D}^\alpha $$\end{document}$) as a function of the sample size. For this aim, instead of fixing a sample size of 500, we have repeated the generation of a sample and the estimation of the models $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\mathcal{D}^\alpha $$\end{document}$ (repeating it 200 times). Finally Fig. [4](#Fig4){ref-type="fig"} shows the average number of models for each sample size. As it can be expected the number of models decreases when the sample size increases, very fast at the beginning and more slowly afterwards. In some cases, there are minor increasings in the average number of models when the sample size increases. We think that this is due to the fact that the density of the number of models has a long queue to the right, existing the possibility of obtaining some few cases with a high number of models. This fact can produce this small local irregularities.Fig. 4.Evolution of the number of possible networks as a function of the sample size.

Conclusions and Future Work {#Sec9}
===========================

In this paper we have applied the general procedure proposed in Moral \[[@CR15]\] to learn a generalized credal network (a set of possible Bayesian networks) given a dataset of observations. We have implemented algorithms for its computation and we have shown that the results applied to learning from samples simulated from small networks are promising. In particular, our main conclusion is that the usual procedure of selecting a network with the highest score does not make too much sense, when there is a set of networks that are equally plausible and that represents probability distributions with a similar divergence to the one associated with the true network. Even in this family, we can find networks using other alternative procedures with smaller divergences to the original one, as the case of considering the minimum of the maximum of Kullback-Leibler divergences in the family of possible models.

Our plans for future work are mainly related to making scalable the proposed procedures and algorithms. When the number of variables increases a direct application of the methods in this paper can be unfeasible. We could try to use more accurate bounds to prune A$\documentclass[12pt]{minimal}
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                \begin{document}$$^*$$\end{document}$ search \[[@CR3]\], but even so, the number of networks for a threshold could be too large to be computed. Experiments in this line are necessary. Then it would be convenient to develop approximations that could learn a set of significant networks from the full family of possible ones. Other line of research is to integrate several networks into a more compact representation: for example if a group of networks share the same structure with different probabilities try to represent it as a credal network with imprecision in the probabilities.

Other important task is to try to use the set of possible models to answer structural questions, as: is there a link from $\documentclass[12pt]{minimal}
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                \begin{document}$$X_j$$\end{document}$? An obvious way to answer it is to see whether this link is present in all the networks of set of learned models, in none of the networks, or in some of them but not in all. In that case, the answer could be yes, no, or possibly. But a theoretical study justifying this or alternative decision rules would be necessary, as well as algorithms designed to answer these questions without an explicit construction of the full set of models.

In fact, this probability also depends on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{D}$$\end{document}$, but we do not include it to simplify the notation.
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